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UNIRULEDNESS OF STRATA OF HOLOMORPHIC DIFFERENTIALS IN SMALL
GENUS
IGNACIO BARROS
Abstract. We address the question concerning the birational geometry of the strata of
holomorphic and quadratic differentials. We show strata of holomorphic and quadratic
differentials to be uniruled in small genus by constructing rational curves via pencils on K3
and del Pezzo surfaces respectively. Restricting to genus 3≤ g ≤ 6, we construct projective
bundles over a rational varieties that dominate the holomorphic strata with length at most
g− 1, hence showing in addition that these strata are unirational.
Introduction
Let g ≥ 2 be an integer and µ = (m1, . . . ,mn) an integer partition of 2g− 2. The moduli
space of canonical divisors of type µ is defined as the closed substack Hg(µ)⊂Mg,n given by
Hg(µ) =
{
[C,x1, . . . ,xn] ∈Mg,n
∣∣∣∣∣ OC
(
n∑
i=1
mixi
)
 ωC
}
.
A partition µ is referred to as holomorphic if all entries are non-negative. To some extent
Diaz in [Dia84], and more precisely and in a greater generality Polischuck in [Pol06, Thm
1.1.a], proved that Hg(µ) is nonsingular and of pure codimension g−1 when µ is holomorphic.
The same arguments apply if we allow the partition µ to have negative terms. In that case
Hg(µ) is again nonsingular, but of pure codimension g inside Mg,n. Kontsevich and Zorich
[KZ03, Thm. 1 and 2] showed that for a holomorphic partition, Hg(µ) may have up to three
connected or equivalently irreducible components depending on the parity of the entries and
the length of the partition. For example, observe that if all entries of µ are even,
η =OC
(
1
2
∑
mixi
)
is a theta characteristic and the parity of h0(C,η) is stable under deformations, cf. [Mum71].
If µ= (2, . . . ,2), there is a dominant forgetful map
Hg(µ) → S
−
g
∐
Z
[C,x1, . . . ,xg−1] 7→ [C,x1 + . . .+xg−1]
where S −g is the space of odd theta characteristics and Z ⊂ S
+
g is the divisor of even theta
characteristics with at least two sections. In this case our space breaks into at least two
components.
A modular interpretation of the boundary ∂Hg(µ) of the Zariski closure
Hg(µ)⊂Mg,n
has been the subject of much recent attention. Farkas and Pandharipande [FP16] defined a
proper moduli space, called the moduli space of twisted canonical divisors which it contains
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our space of interest as an open subset. However, the question of which twisted canonical
divisors in the boundary lie in Hg(µ) requires more information than the dual graph of the
curve and the relations in the Jacobian of each component. The boundary components are
parametrized not just by the topological type of the nodal curves and strata in smaller genera,
but also by the particular complex structure, manifesting as residue conditions at the nodes
provided by Bainbridge, Chen, Gendron, Grushevsky and Mo¨ller [BCGGM16].
The next natural question concerns the global geometry of the strata Hg(µ). In this paper
we establish a range for the genus and length of partition where the Kodaira dimension is
negative. For holomorphic partitions, the moduli space of odd spin curves S
−
g serves as a
useful model highlighting the change in the birational type of these varieties from uniruled
to general type and we follow the general strategy presented in [FV14].
We describe our strategy. When the length of µ is greater than g− 1, the forgetful map
Hg(µ)→Mg is dominant and for small enough genus a canonically embedded smooth curve
can be realized as a hyperplane section of a K3 surface S ⊂ Pg. Since the divisor
∑
mixi is
canonical, it is the intersection of a codimension 2 plane with S. The rational curve in Hg(µ)
passing through a general point is induced by the pencil spanned by this plane in Pg.
The genus g = 10 case is especially delicate and we treat it by studying 1-nodal models
of geometric genus 10 curves lying on a K3 surface. For generic choice of a pointed curve
[C,x1,x2] ∈M10,2, we prove that we can always find such models. We do this by deforma-
tion theory arguments that reduce the question of dominance of a moduli map to cohomology
computations.
For holomorphic partitions µ with g ≥ 4, Kontsevich and Zorich [KZ03, Thm. 1 and 2]
classified the stratum having more than one connected (or irreducible) component:
• If µ = (2g − 2) or µ = (2l,2l) with l ≥ 1, then Hg(µ) has three components; the
hyperelliptic one Hhyp and the even and odd H+, H− depending on the parity of
the induced theta characteristic, i.e., [C,x1, . . . ,xn] ∈ H
+ (resp. H−) if and only if
h0
(
C,OC
(
1
2
∑
mixi
))
≡ 0 (resp. ≡ 1) mod 2.
• If µ= (2l1, . . . ,2lr) for li ≥ 0 and r ≥ 3, then Hg(µ) has two components H
+ and H−,
depending on the parity of the induced theta characteristic.
• Finally, if µ= (2l− 1,2l− 1) for l ≥ 2, then Hg(µ) has two components, the hyperel-
liptic one Hhyp and a complementary one Hnonhyp.
For any other partition the space is connected. For g = 3, both H(2,2) and H(4) have two
components; the hyperelliptic and the odd spin structure (or non-hyperelliptic) component.
The strata are connected for other partitions.
Regarding the irreducible stratum we prove the following:
Theorem 0.1. Let Hg(µ) be an irreducible stratum with length of partition l(µ). The birational
geometry of Hg(µ) is summarized in the following table:
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Unirational Uniruled
3≤ g ≤ 6 l(µ)≤ g− 1 No restriction on µ
g = 7,8 ? No restriction on µ
g = 9 ? l(µ)≥ 7
g = 10 ? 11≤ l(µ)< 18
g = 11 ? l(µ)≥ 10
For those where irreducibility does not holds we prove the following:
Theorem 0.2. For every genus Hhyp(2g−2) is unirational. Even and odd strata are uniruled
for any partition in the range g ≤ 8. For partition µ = (2, . . . ,2), the odd stratum H− is
uniruled in genus g = 9,11 and the Sg−1-quotient of the even stratum H
+ is uniruled for
every genus.
Of equal interest is the strata of k-differentials when k ≥ 2. In Section 2 we treat the case
k = 2. Let ν = (n1, . . . ,nl(ν)) be a partition of 4g− 4 with length l(ν) and
Q(ν) =


[
C,x1, . . . ,xl(ν)
]
∈Mg,l(ν)
∣∣∣∣∣∣ OC

l(ν)∑
i=1
nixi

  ω⊗2C


the strata of quadratic differentials. The spaceQ(ν) is smooth and can have several connected
components due to hyperellipticity and the parity of theta characteristics when every entry
of ν is even, among others. For g ≥ 3 and a holomorphic partition ν, if at least one entry
is odd, the space Q(ν) is smooth, connected and of dimension 2g − 3 + l(ν), with the only
exception of g = 4 and ν = (3,3,3,3), where the space has several connected components. See
[Lan02, Thm. 3 and 4], [Vee90], [Sch, Thm. 1.1] and [CM14, Thm 7.1]. In Section 2 we turn
to del Pezzo surfaces to construct rational curves on Q(ν), obtaining the following result:
Theorem 0.3. For genus 3≤ g ≤ 6 and partition ν with at least one odd entry, different from
(3,3,3,3) and length l(ν)≥ g, the moduli space of quadratic differentials Q(ν) is uniruled.
Nodal Curves on K3 Surfaces. A K3 surface S is a smooth connected complex projective
surface with KS OS and h
1(S,OS) = 0. A polarized K3 surface of genus g is a pair (S,H)
where H is a primitive, nef line bundle on S, |H| has no fixed components and H2 = 2g− 2
(hence big for g ≥ 2). Such pairs form a smooth moduli space denoted Fg. Given such a pair
(S,H) ∈ Fg, for g ≥ 2 the linear system |H| is base point free of dimension g and if it does
not contain hyperelliptic curves, the induced map
ψ|H| : S→ P
g
is birational onto the image, see e.g. [Sai74, Thm. 8.3] for H ample and [CK88, Lec. 9] or
[Deb01, Thm. 7.32] for H big and nef. The image of ψ|H| is a degree 2g− 2 normal surface
on Pg, with at worst canonical singularities and general hyperplane sections are canonical
curves of genus g.
Given a positive integer δ ≤ g, the Severi variety of irreducible δ-nodal curves in the linear
system |H| is denoted by Vδ(S,H). It is well-known that for (S,H) ∈ Fg general and g ≥ 2,
Vδ(S,H) is non-empty and each irreducible component is smooth of dimension g − δ. We
refer to [XC99], [XC, Cor. 1.2], [Tan82] and [Fla01] for fundamental facts on this matter.
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Definition 0.4. For integers g and δ, with g ≥ 3 and 0 ≤ δ ≤ g− 2, we define the universal
Severi variety Vg,δ to be the algebraic stack of pairs (S,X) with (S,H) ∈ Fg andX ∈ Vδ(S,H).
The stack Vg,δ is smooth and every irreducible component has dimension 19+ (g− δ). It
was conjectured by C. Ciliberto and T. Dedieu [CD12, Thm. 2.1] that Vg,δ is irreducible and
this was proved in the range 3≤ g ≤ 11, g , 10 and 0≤ δ ≤ g. The natural forgetful map
πδ : Vg,δ →Fg
is smooth and when restricted to any irreducible component is dominant; see [FKPS08].
There is a well-defined moduli map
cg,δ : Vg,δ →Mg−δ
sending a pair (S,X) to the isomorphism class of the normalization of X. When δ = 0 this is
Mukai’s map: dominant for g ≤ 9 and g = 11, not dominant for g = 10 and generically finite
over the image for g ≥ 11 and g , 12. See [Muk88], [Muk96], [Muk92] and [MM83]. More-
over, for g = 11 and g ≥ 13, Mukai’s map is birational over the image, cf. [CLM93, Thm. 4.5].
Beauville in [Bea04, §5] studied the differential of the map cg,0 and gave a deforma-
tion theoretic proof of Mukai’s results. Flamini, Knutsen, Pacienza and Sernesi proved in
[FKPS08, Thm. 1.1] that in the range 3 ≤ g ≤ 11 and 0 ≤ δ ≤ g − 2, if V ⊂ Vg,δ is any
irreducible component, then for 2≤ g− δ < g ≤ 11 the restricted map
cg,δ |V : V →Mg−δ
is dominant with general fiber of dimension 22− 2(g − δ). This result was generalized in
[Kem15, Thm. 1.1] and [CFGK17, Thm. 1.1] for nodal curves in the linear system |kH|.
They proved dominance in low genus and generic finiteness for g high enough.
Let (S,X) ∈ Vg,δ be a δ-nodal curve on a K3 and ν : C →X the normalization map with
ν−1(Sing(X)) = {p1,q1, . . . ,pδ,qδ}. We can consider the following moduli map
c : Vg,δ → Mg−δ,[2δ]
(S,X) 7→ [C,p1 + q1 + . . .+ pδ + qδ] .
The following theorem is the main ingredient to treat the genus 10 case. Following
[FKPS08] we were able to extend their result.
Theorem 0.5. In the range 3≤ g ≤ 11, 1≤ δ ≤ g− 2 and g , 10, the moduli map
c : Vg,δ →Mg−δ,[2δ]
is dominant with general fiber dimension 22−2g. Moreover, when g = 10, the image of c has
always codimension one and the class is given by
c∗
[
V10,δ
]
=
1
2δ!
(7λ+ψ) ∈ PicQ(M10−δ,[2δ]).
Here the class ψ is defined to be the push forward of the Sn-invariant cycle ψ1 + . . .+ψ2δ
by the finite quotient map Mg−δ,2δ →Mg−δ,[2δ].
Farkas and Popa [FP05, Thm 1.6] proved that the class of the closure in M10 of the locus
of smooth curves lying on a K3 surface is given by
K = 7λ− δ0 − 5δ1 − 9δ2− 12δ3 − 14δ4 −B5δ5 ∈ PicQ
(
M10
)
,
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with B5 ≥ 6. The formula for c∗[V10,δ] is a pull back of K by a boundary morphism. See
[ACG11, Chapter 17, Lemma 4.35].
The paper consists of an introduction and four sections. In the first section we give a
full proof of the second column concerning uniruledness in Theorem 0.1. We start in §1.1
by treating the cases 3 ≤ g ≤ 9 and g = 11, when the length of the partition is at least
g− 1. In §1.2 we show uniruledness in the range 3 ≤ g ≤ 8 for partitions of any length and
in §1.3 we establish uniruledness in genus g = 9 and partitions of length l(µ) ≥ 7. In §1.4
we prove that uniruledness in g = 10 with partitions of length 11 ≤ l(µ) < 18 follows from
Theorem 0.5 and in §1.5 we give a full proof of Theorem 0.5. In the second section we deal
with quadratic differentials and show Theorem 0.3. In the third section we establish the
first column concerning unirationality in Theorem 0.1. Finally, in the last section we prove
Theorem 0.2, concerning the non-irreducible cases.
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1. Uniruled Strata
As explained in the introduction, the general strategy is to construct pencils on K3 surfaces
to prove uniruledness.
Lemma 1.1. Let (S,H) ∈ Fg be a general polarized K3 of genus g ≥ 2 and P ⊂ |H| a general
pencil whose general element is a smooth curve of genus g. Then the induced rational map
P dMg is non trivial.
Proof. As mentioned in the introduction, for general (S,H) ∈ Fg and δ ≤ g, the Severi variety
of δ-nodal curves
Vδ(S,H) = {C ∈ |H| | C is δ-nodal and irreducible}
is non-empty, regular and of codimension g in |H|. Choosing the pencil P to be general, it
will intersect V1(S,H) non-trivially. Thus, the induced map to Mg cannot be trivial. 
We need a slight refinement of the previous lemma.
Lemma 1.2. Let (S,H) ∈ Fg be a general polarized K3 of genus g ≥ 2 and P ⊂ |H| any pencil
whose general element is a smooth curve of genus g. Then the induced rational map P dMg
is non trivial.
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Proof. By contradiction we assume the induced rational map to Mg is trivial. We blow up
S at the base locus of P :
U
BlZS
//
pi

S
⑦
⑦
⑦
⑦
P.
Since the automorphism group of U is finite, up to an e´tale base change B→ P ,
U˜ := U ×P B
is birational to C ×B, cf. [MM64, Thm. 2]. Notice that U is simply connected, therefore,
U˜  U and B  P1. It follows that S is birational to C ×P1, but S is not ruled. 
Moreover, for (S,H) ∈ Fg general, every curve on a general pencil P ⊂ |H| is irreducible
and at worst nodal. The base locus of P consist of 2g − 2 points. If we resolve the map
Sd P by blowing up, we obtain a family U over P as in the proof of the lemma above. The
general fiber F is a smooth genus g curve. From the relation
χ(U ,Z) = χ(P,Z) ·χ(F,Z)+number of singular fibers
one deduces that on Mg, P · δirr = 6g + 18, where δirr is the divisor on Mg whose gen-
eral element correspond to a one-nodal irreducible curve. In other words, the hypersurface
parametrizing singular curves in the linear system DS,H ⊂ |H| has degree 6g+18.
1.1. General Case, g ≤ 11 and g , 10. Recall that a variety X is uniruled if for a general point
p ∈X there is a rational curve passing through it. In other words if there exists a variety Y
and a dominant rational map Y ×P1 dX. Let µ= (m1, . . . ,mn) be an holomorphic partition
of 2g− 2 with length n and
[C,x1, . . . ,xn] ∈Hg(µ)
a point on the stratum. Assume 3 ≤ g ≤ 9 or g = 11. The forgetful map π :Hg(µ)→Mg is
dominant when the length of the partition is greater than or equal to g− 1; see [Gen]. The
curve C is general and, therefore, can be embedded as a hyperplane section on a genus g
polarized K3 surface (S,H) ∈ Fg. See [Muk88] and [Muk96]. Here Fg is the moduli space
of polarized K3 surfaces (S,H), where S is a K3 surface and H ∈ Pic(S) is a (primitive)
polarization of degree H2 = 2g− 2. We construct a rational curve
P1 →Hg(µ)
passing through [C,x1, . . . ,xn]. Our curve is embedded in S as hyperplane section
C  S ∩H →֒ S ⊂ PH0(S,H)∨  Pg.
The divisorm1x1+. . .+mnxn ∈Div(C) is canonical so can be realized as a hyperplane section
of H  Pg−1, i.e., a point Λµ ∈G(g− 2,P
g) such that
Λµ ·S =m1x1 + . . .+mnxn.
Let
P  {H ′ ∈ (Pg)∨ |Λµ ⊂H
′}
be the pencil of hyperplanes containing Λµ in P
g. Since C ∈ P is smooth, for a general
hyperplaneH ′ ∈X, the curve C ′ =H ′∩S →֒H ′  Pg−1 is smooth and canonically embedded.
Moreover, the hyperplane Λµ ⊂ P
g−1 is a canonical divisor of the form
Λµ ·S =Λµ ·C =m1x1 + . . .+mnxn.
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This construction gives us a map defined on an open subset of P  P1
γ :P1 d Hg(µ)
H ′ 7→ [H ′ ∩S,x1, . . . ,xn] .
The map can be extended and we already proved in Lemma 1.2 that it cannot be trivial.
This gives us Theorem 0.1 for g ≤ 9 and g = 11 when the length of µ is at least g− 1.
1.2. Special Cases for Genus g ≤ 8. Let C be a smooth curve of genus g ≥ 2. We recall a
result of M. Ide:
Theorem 1.3 ([Ide08]). Every smooth curve C of genus 2≤ g ≤ 8 can be embedded in a smooth
K3 surface S with C ⊂ S big and nef.
In [Ide08] it is proved that all smooth curves of genera 2≤ g ≤ 8 can be embedded as ample
classes in the smooth locus of a K3 with at worst rational double points. It is a standard fact
that every complex projective surface S with at worst ADE singularities admits a crepant
resolution (see [Rei85]). In our case S is a K3 surface with at worst rational double points,
so there is a unique resolution
π : S˜→ S.
The resolution is crepant meaning S˜ is again a K3 and if C˜ is the proper transform of C, as
divisor C˜ might cease to be ample (it can have trivial intersection with (−2)-curves) but it
is still big and nef.
Let [C,x1, . . . ,xn] ∈ Hg(µ) be a general point on a connected (irreducible) stratum with
3≤ g ≤ 8 and let S be a big and nef K3 extension of C. The map φC : Sd Sˆ ⊂ P
g restricted
to C is the canonical map
φKC : C→ P
g−1.
The point [C,x1, . . . ,xn] is general and we are under the assumption that Hg(µ) is connected.
Therefore, C is not hyperelliptic and φKC is an embedding. We can repeat the same construc-
tion as for the general case. Since the general hyperplane of Pg in the pencil of hyperplanes
through Λµ as before intersects Sˆ in a smooth curve, the pull back is smooth (it does not
contains (−2)-curves).
This gives us uniruledness for every irreducible stratum Hg(µ) in the range 3≤ g ≤ 8.
1.3. Genus g = 9. We have already proven in §1.1 that H9(µ) is uniruled for l(µ) ≥ 8. We
can improve the lower bound by one. For small length partitions the forgetful map
π :Hg(µ)→Mg
is no longer dominant and in order to carry out the argument above one has to prove that
the image of Mukai’s map
Vg,0 → Mg
(S,H,C) 7→ [C]
intersects π(Hg(µ)) on a non-empty open in π(Hg(µ)). A smooth complex curve of genus
9 can be realized as an hyperplane section of a K3 if its not pentagonal (has no g15), cf.
[Muk10, Thm. A]. In particular the image of V9,0 →M9 contains the complement of the
Brill-Noether divisor D15 consisting of pentagonal curves. Recall that PicQ
(
Mg
)
is generated
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by λ and the boundary divisors δirr,δ1, . . . ,δ⌊g/2⌋ and the slope of a divisor D = aλ−birrδirr−∑
1≤i≤⌊g/2⌋ biδi not containing any boundary components is defined to be
s(D) :=
a
min{birr, b1, . . . , b⌊g/2⌋}
.
One can check that if D and D′ are two divisors on Mg, with D and D
′
their closures inside
Mg, then D ≤D
′
implies that s(D) ≤ s(D
′
). S. Mullane [Mul17, §5] computed the class of
the closure of the image Hg(µ) →Mg when l(µ) = g − 2. In genus 9 the slope is strictly
bigger than eight, in particular, bigger than the slope of the pentagonal locus (cf. [HM90])
s(D
1
5) = 6+
12
10
.
In any case, when H9(µ) is irreducible and l(µ) = g− 2, the classes
π∗
[
H9(µ)
]
and D
1
5
are not proportional. Moreover, since the slope of π∗
[
H9(µ)
]
is strictly bigger than s(D15),
the image of H9(µ) cannot be contained in the pentagonal locus. We can conclude that for
a general point [C,x1, . . . ,x7] ∈ H9(µ), with partition length l(µ) = 7, the curve C can be
embedded in a K3 surfaces and the argument above can still be carried out. This finishes the
proof of Theorem 0.1 for g = 9.
Remark 1.4. By specialization, it would be enough to show that there is a Brill-Noether
general curve in the non-hyperelliptic component of Hg(2g − 2), but to construct a Brill-
Noether general curve C admitting a subcanonical point is not an easy task.
1.4. Genus 10. The genus 10 case is much more delicate and it is done by studying irreducible
nodal curves of arithmetic genus 11. We define the set U10 ⊂H10(µ) by the condition
[C,x1, . . . ,xn] ∈ U10
if and only if there exists a polarized K3 surface (S,H) ∈ F11 and a non trivial map f : C→ S,
such that f∗[C] ∈ |H| and f is the normalization map of the irreducible nodal curve f(C)
having a single node at f(x1) = f(x2).
Proposition 1.5. Through every point of U10 ⊂H10(µ) there passes a rational curve.
Proof. Let [C,x1, . . . ,xn] be a point on U10 and
ǫ : S˜→ S
the blow-up of S at the node f(x1) = f(x2). The curve C can be embedded in S˜. Moreover,
C ∈ |ǫ∗H − 2E|, where E is the exceptional divisor of ǫ. By adjunction
OC (C) KC (−x1−x2) OC

(m1− 1)x2 +(m2− 1)x2 +∑
i≥3
mixi

 .
Let us assume that l(µ)≥ 2. The divisor
D = (m1− 1)x2 +(m2− 1)x2 +
∑
i≥3
mixi
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is effective on C. The exact sequence
0→OS˜ →ID
/
S˜
(C)→OC → 0,
where the middle term is the ideal sheaf of the closed subscheme D ⊂ S˜ twisted by C, proves
that
PH0
(
S˜,I
D
/
S˜
(C)
)
 P1.
There is a rational map
P1 d U ,
sending the generic element C ′ ∈ |ε∗H − 2E| passing trough D to
C ′ ∈ P1 7→ [C ′,x1,x2, . . . ,xn].
The same argument as in Lemma 1.2 applies to prove that the induced map to Mg is not
trivial.
We can assume m1 ≥m2 ≥ . . .≥mn. Notice that the argument fails when the set {x1,x2}
is not contained in the support of D. If m1 > m2 = 1 we can still keep track of the points
since x1 ∈ Supp(D) and for C
′′ general, C ′′∩E = x1+q. We impose x2 = q and the argument
still holds true. 
Remark 1.6. When g = 10, the only partition of maximal length l(µ) = 18 is
µ= (1, . . . ,1).
Our map is well defined in the quotient
P1 d U10
/(
Z
/
2Z
)
C ′′ 7→ [C ′′,y1 + y2,x3, . . . ,xn]
where y1 + y2 = C
′′∩E and we have uniruledness for the quotient
U10 →U10
/(
Z
/
2Z
)
.
Consider the cartesian diagram
V11,1×H10(µ)
p2
//
p1

H10(µ)
pi

V11,1
c
//M10,[2].
Notice that the image of p2 is exactly U10, and in the range l(µ) ≥ g + 1 the map π is
dominant. It remains to prove that c is dominant to conclude that U10 dominates the strata
and uniruledness follows.
Corollary 1.7 (of Theorem 0.5). For every holomorphic partition µ of length 18 > l(µ) ≥ 11
the inclusion defined above U10 →֒ H10(µ) is dominant.
Corollary 1.8 (of Theorem 0.5). For every partition µ of length 11 ≤ l(µ) < 18, if H10(µ) is
irreducible, then is uniruled.
This would conclude the missing case g = 10 in Theorem 0.1. In the coming section we
give a proof of Theorem 0.5.
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1.5. Deformation theory of nodal curves on K3 surfaces. We recall a few facts about defor-
mation theory of nodal curves on K3 surfaces. For details we refer to [Ser06] and [FKPS08].
Locally trivial deformations of the pair (S,X) are governed by the sheaf TS〈X〉 defined to
be the preimage of TX ⊂ TS |X under the restriction TS → TS |X . It sits in two standard
exact sequences
0→ TS(−X)→ TS〈X〉 → TX → 0
and
(1) 0→ TS〈X〉 → TS →N
′
X/S → 0,
where N ′X/S is the equisingular normal sheaf of X in S. This sheaf governs the deformation
theory when S is fixed. Moreover,
TXVδ(S,H) =H
0(X,N ′X/S).
The first order locally trivial deformations of the pair (S,X) are parametrized byH1(S,TS〈X〉).
Obstructions are parametrized by H2 and local automorphisms by H0. The theory is un-
obstructed and the coarse moduli Vg,δ is smooth as a stack [FKPS08, Prop 4.8]. For any
(S,X)
(2) h2(TS〈X〉) = h
0(TS〈X〉) = 0
and
T(S,X)Vg,δ =H
1(S,TS〈X〉).
Much more can be said here. Given such a pair (S,X) there is a unique embedded resolution
of X given by the following diagram
C ∩E



// C
f



// S˜
ε

Sing(X) 

// X 

// S,
where S˜ is the blow-up of S along the nodes, E = E1 + . . .+Eδ is the exceptional divisor, C
is a smooth genus g− δ curve and f : C → X ⊂ S is the normalization map. Let us take a
look at the tangent exact sequence for the normalization map
0→ TC → f
∗TS →Nf → 0.
Here Nf is the normal sheaf of the map f : C → S. With this notation [FKPS08, Lemma
4.16]
(3) f∗(Nf ) =N
′
X/S and H
i(N ′X/S) H
i(Nf ) for i= 0,1.
This is not surprising, since the group H0(Nf ) can be identified with the tangent space at
[f ] of the space of maps f : C → S from genus g− δ smooth curves to a fixed target with
f∗C = H. There is a one to one correspondence between δ-nodal curves on S in the linear
system |H| and maps f . The correspondence is given by normalization
Vδ(S,H) → Mg−δ(S,H)
X ⊂ S 7→ f : C→ S.
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To recover the differential of the map cg,δ we go to S˜. Consider the following diagram as in
[FKPS08]
(4)
0

0

ε∗TS(−C)


// ε∗TS(−C)

0 // FC
τ

// ε∗TS

λ
// Nf // 0
0 // TC

// f∗TS

// Nf // 0,
0 0
where FC is the kernel of the composition λ : ε
∗TS → f
∗TS → Nf . It turns out [FKPS08,
Prop. 4.22] that
(5) ε∗FC  TS〈X〉 and H
i(S,TS〈X〉) H
i(S˜,FC) for i= 0,1,2.
Moreover, H1(τ) is the differential of the map cg,δ . The four authors proved that in the
desired range, for a general (S,H,C) in any irreducible component of Vg,δ , the map H
1(τ) is
surjective, see [FKPS08, Thm. 5.1].
Proposition 1.9. With the same notation as above FC |EOE(−1)
⊕2.
Proof. Let j : Ei →֒ S˜ be the closed embedding of one of the components of the exceptional
divisor. Notice that ε∗TS |EiO
⊕2
Ei
and Nf  ωC . From the second row in (4) we have
0→ L1j∗ωC → FC |Ei→O
⊕2
Ei
→OEi∩C → 0
and C ∩Ei = pi+ qi. Then,
deg(FC |Ei) = degL
1j∗ωC − 2.
On the other hand by adjunction ωC OC(E+C) and pulling back by j the exact sequence
0→OS˜(E)→OS˜(E+C)→ ωC → 0
we get
0→ L1j∗ωC →OEi(Ei)→OEi(Ei+C)→Opi+qi → 0.
Counting degrees, degOEi(Ei) = −1 and degOEi(Ei +C) = 1. Thus, degL
1j∗ωC = 0 and
degFC |Ei=−2. The sheaf FC |Ei is free on Ei of rank two and degree −2. By Riemann-Roch,
h0 (Ei,FC |Ei) = h
1 (Ei,FC |Ei) .
It is enough to prove h0 = h1 = 0. By pushing forward the second row in (4), we get the
exact sequence (1) and, by (3) together with (5), we obtain
R1ε∗FC = 0.
The exceptional locus of ε is one dimensional, therefore, R2ε∗FC(−Ei) = 0. Thus, from
0→ FC(−Ei)→ FC → FC |Ei→ 0
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we get R1ε∗FC |E= 0. In particular, h
1(Ei,FC |Ei) = h
0(Ei,FC |Ei) = 0. 
We have the following corollary:
Corollary 1.10. The inclusion induces isomorphisms
Hi(S˜,FC(−E)) H
i(S˜,FC) for i= 0,1,2.
In particular H1(S˜,FC(−E)) parametrizes locally trivial first order deformations of the pair
(S,X).
Proof. If we pass to cohomology in the short exact sequence
0→ FC(−E)→ FC → FC |E→ 0,
since H0(FC |E) H
1(FC |E) = 0, we obtain our result. 
Consider the exact sequence obtained by tensoring the first column (4) with OS˜(−E),
0→ ε∗TS(−C −E)→ FC(−E)
σ
→ TC

− δ∑
i=1
pi+ qi

→ 0.
Proposition 1.11. The map
H1(σ) :H1(S˜,FC(−E))→H
1(C,TC (−p1− q1− . . .− pδ − qδ))
is the differential of c : Vg,δ →Mg−δ,[2δ].
Proof. The restriction of ε : S˜ → S to C is finite so Riε∗ vanishes for i > 0. On the other
hand one can check that ε∗TC(−
∑
pi+ qi) is the tangent sheaf of the nodal curve X, see the
proof of [Har10, Lemma 27.6]. Again, if we apply ε∗ to the second row in diagram (4), from
(3) and (5), we get (see also [FKPS08, Prop. 4.22])
Riε∗FC R
iε∗ε
∗TS = 0 for i > 0.
From the exact sequence
0→ FC(−E)→ FC →OE(−1)
⊕2 → 0,
we can conclude that Riε∗FC(−E) = 0 for i > 0. By Proposition 1.9 and (5), we have
isomorphisms
ε∗FC(−E)
∼
→ ε∗FC  TS〈X〉.
Therefore, the natural isomorphisms coming from the Leray Spectral Sequence sit in the
diagram
H1(S˜,FC(−E))


H1(σ)
// H1(C,TC (−
∑
pi+ qi))


H1(S,ε∗FC(−E))
H1(ε∗σ)
// H1(TX ),
where the map at the bottom factors through a natural isomorphism H1(ε∗FC(−E)) 
H1(TS〈X〉) and H
1 of the restriction map TS〈X〉 → TX sending locally trivial first order
deformations of the pair (S,X) to nodal deformations of X. 
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Recall that, as stated in [FKPS08], if Vg,δ → Vg,δ is an e´tale atlas and X →֒ S is the
universal family of pairs (X,S) induced by it, there is a universal embedded resolution
C 

//
ρ

S˜
ε

X 

//

S
}}④④
④④
④④
④④
Vg,δ
where ε is the blow-up of S along the nodal locus Nδ ⊂ X →֒ S and ρ is fiber-wise over
Vg,δ , the normalization. Every locally trivial first order deformations of a pair (X,S) induce
one of the pair (C,S˜) parametrized by H1(S˜,FC).
Proof of Theorem 0.5. By Proposition 1.11, Corollary 1.10, the isomorphisms in (5) and the
vanishing (2);
coker dc H2(S˜,ε∗TS(−C −E)).
Since ε∗X = C +2E, by Serre duality and projection formula
H2(S˜,ε∗TS(−C −E)) H
0(S˜,ε∗Ω1S(X)) H
0(S,Ω1S(X)).
By [Bea04, §5.2], the latter is 0 when g ≤ 9 or g = 11 and isomorphic to C when g = 10.
To compute the class of this divisor in PicQ(M10−δ,[2δ]) we just need to pull back the class
K of the closure of the K3 locus in M10 by the boundary map ξ :M10−δ,2δ→M10 and then
push it down by the S2δ-quotient π :M10−δ,2δ→M10−δ,[2δ],
c∗[V10,δ] =
1
n!
π∗
(
ξ∗K
)
.
If we restrict it to M10−δ,[2δ] we have our result. 
Remark 1.12. Take for example g = 10 and δ = 1. Even though the normalization map to
M9 is surjective, the map toM9,[2] is divisorial, i.e., if C is a general genus 9 curve there is a
codimension one cycle in the symmetric product without the diagonal Γ ⊂ C [2] \△ consisting
of points p+ q such that, after identifying them, the nodal curve C/p∼q lies on a K3. Let
C [2] \△ be a general fiber of π :M9,[2] →M9, since the complex structure of the curve along
the fiber is constant, the Hodge bundle restricts to the trivial bundle and the class of Γ in
Pic(C [2] \△) is given by
7λ+ψ1 +ψ2
2
·π∗(pt) =KC +C.
The same argument works for δ ≥ 1.
2. Quadratic Differentials
Let S be the blow-up of P2 along 0 ≤ r ≤ 8 many point in general position. The surface
S is a del Pezzo surface and the class −2KS is ample. There is a moduli of such surfaces Pr
realized as the quotient of an open U of (P2)r by the group PGL(3). The moduli space has
dimension min{2r− 8,0} and over it sits a natural space
Br = {(S,C) | S ∈Pr and C ∈ |− 2KS | smooth and irreducible}
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with fibers over each del Pezzo surface S ∈Pr open subsets of the projective space |− 2KS |.
By Riemann-Roch and Kodaira Vanishing, since χ(OS) = 1;
dimH0 (S,OS (−2KS)) = χ(OS)+ 3K
2
S = 28− 3r.
The fiber dimension of the map Br →Pr is 27− 3r and the dimension of Br is 19− r. On
the other hand, if C ∈ |− 2KS | is a smooth irreducible curve on S, the genus of C satisfies
2g− 2 =C2 +KS ·C = 2KS = 18− 2r
and there is a natural map
ψr :Br → M10−r
(S,C) 7→ [C].
Proposition 2.1. When 4≤ r ≤ 7, the map ψr is dominant.
Proof. Let [C] ∈Mg be a general smooth curve with 3 ≤ g ≤ 6. The Brill-Noether number
ρ(g,2,6) ≥ 0 and the general curve [C] ∈ Mg has a plane nodal model Γ ⊂ P
2 of degree 6
with 10− g nodes. Take r = 10− g, S = BlrP
2 the blow-up of P2 along the nodes, E1, . . . ,Er
the exceptional divisors and L the proper transform of the line. Then the proper transform
of Γ is smooth and lies in the linear system −2KS = 6L− 2E1 − . . .− 2Er. 
Recall that for l(ν) = n ≥ g, the strata of quadratic differentials Q(ν) is irreducible of
codimension g inside Mg,n if the partition ν has at least one odd entry, with the only
exception of (3,3,3,3) in genus four, see §1.
Lemma 2.2. Let ν = (n1, . . . ,nm+g) be a partition of 4g− 4 of length m+ g with at least one
odd entry and different from (3,3,3,3). The forgetful map
Q(ν) → Mg,m
[C,x1, . . . ,xm+g] 7→ [C,x1, . . . ,xm] .
is dominant.
Proof. The diagram
Q(ν)
i
//
pi

Mg,m+g
σν

Mg,m
c
// J
2·(2g−2)
m
is cartesian, where J 4g−4m is the universal jacobian of degree 4g−4 over Mg,m, the map c is
the 2-canonical section and σν is the global Abel-Jacobi map given by
σν : [C,x1, . . . ,xm+g] 7→

C,x1, . . . ,xm,OC

m+g∑
i=1
nixi



 .
For a smooth curve with marked points [C,x1, . . . ,xm] ∈Mg,m we fix
L[C,x] :=OC
(
m∑
i=1
nixi
)
.
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For dimension reasons, the locus of curves [C,x] ∈Mg,m such that ω
⊗2−L[C,x] is supported
on less than g points, is of codimension at least one. Then if [C,x] is general in Mg,m, the
Abel-Jacobi map σν restricted to the fiber of J
4g−4
m →Mg,m over [C,x] if given by
C×g \△ → Pic4g−4(C)
(xm+1, . . . ,xm+g) 7→ L[C,x] +OC (nm+1xm+1 + . . .+nm+gxm+g)
and contains ω⊗2. Therefore, the Abel-Jacobi map σν dominates the image of the 2-canonical
section c. 
Proof of Theorem 0.3. Let g ≤ 6 and ν a partition of 4g − 4 with at least one odd entry,
length l(ν)≥ g and different from (3,3,3,3). Let [C,x1, . . . ,xn] ∈ Q(ν) be a general point on
the strata, then C is general in moduli so we can assume that it lies on the image of ψr with
r = 10− g. As in Section 1.1, the linear system | − 2KS | embeds S in P
3g−3 and realizes C
as an hyperplane section
C = S ∩H ⊂ P3g−3.
The restriction of −2KS to C is 2KC . Thus, the map S →֒ P
3g−3 restricted to C is the
2-canonical embedding and since
∑
nixi ∈ Div(C) is a quadratic differential, there exists a
codimension 2 plane Λµ ⊂ P
3g−3, with
Λµ ·S =
∑
nixi.
Again, let P be the pencil of hyperplanes H ∈ (P3g−3)∨ containing Λµ. The points x1, . . . ,xn
lie on the base locus of this pencil and there is a rational map
P d Q(ν)
H ′ 7→ [S ∩H ′,x1, . . . ,xn] .
It is left to prove that the map is non-trivial. Let π :U → P1 be the family of curves induced
by the pencil P , Z the base locus of P , and ε :U → S→ P2 the composition of the blow-up
of S at Z with the blow-up map ε : S→ P2. If every fiber of π is smooth, then the topological
Euler characteristic of U is
χ(U ,Z) = χ(P1,Z) ·χ(π−1(point),Z) = 2 · (2− 2g).
But U is the composition of the blow-up of P2 at r points together with the blow-up at |Z|
points on S. Thus,
χ(U ,Z) = 3+ r+ |Z| ≥ 3,
which is a contradiction. It follows that π : U → P1 must have singular fibers. This proves
non-isotriviality. Fibers of π might still be curves isomorphic to C with a rational tail
attached, in which case the moduli map induced by the pencil is still trivial. This cannot
happen: indeed, if we see the pencil as a P1-family of r-nodal sextics in P2, if C ∼ R+C ′
where R is an irreducible rational tail, then R is a line or a conic on P2 in which case the
residual curve C ′ drops in genus. Alternatively, the same argument as in the proof of Lemma
1.2 applies. 
3. Unirationality in Small Genus
Recall that a variety is unirational if it is dominated by a rational variety. As before,
µ= (m1, . . . ,mn) is an holomorphic partition of 2g− 2, with g ≥ 3. We will assume that the
length of the partition is at most g− 1 and that Hg(µ) is connected. A similar argument as
in [FV14, Thm 3.1] can be used to obtain unirationality for 3 ≤ g ≤ 6. The strategy is to
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construct a projective bundle Pg over a rational variety Σ that dominates Hg(µ).
For 3≤ g ≤ 6, we have ρ(g,2,6) ≥ 0. By choosing [C,y1, . . . ,yg−1] ∈Mg,g−1 and A ∈G
2
6(C)
general, we can assume that the map φA : C → Γ ⊂ P
2 realizes C as a (10− g)-nodal sextic
and the marked points y1, . . . ,yg−1 are disjoint from the preimages of the nodes φ
−1
A (Sing(Γ)).
Consider the following diagram of rational maps
Pg
pi2

❅
❅
❅
❅
νg
||③
③
③
③
③
Mg,n Σ,
where Σ⊂ |OP2(3)| × (P
2)9 is defined as
Σ :=
{
(E,x1, . . . ,xδ,y1, . . . ,yg−1) ∈ |OP2(3)| × (P
2)9 | x1, . . . ,yg−1 ∈ E
}
and the fiber of π2 over a general point (E,x¯, y¯) ∈ Σ is the linear space of plane sextics Γ,
nodal at x1, . . . ,xδ and with µ contact at the points y1, . . . ,yg−1 with the cubic E. In other
words,
π−12 (E,x¯, y¯) :=

Γ ∈ |OP2(6)|
∣∣∣∣∣∣ Γ is nodal at x¯ and Γ ·E =
g−1∑
1
miyi+2(x1 + . . .+xδ)

 .
If the partition µ has length less than g−1, we complete it with zeros so that the length is g−1.
One can see that the map induced by the projection Σ→ (P2)9 is birational. The map νg
sends (Γ,E, x¯, y¯) to [C,y˜], where C is the normalization of Γ and y˜ is obtained by omitting
from (y1, . . . ,yg−1) the terms yi where mi = 0.
Proposition 3.1. The map π2 is dominant.
Proof. Let (E,x¯, y¯) be a general point in Σ and ε :X→ P2 be the blow-up of P2 at x1+. . .+xδ
with F the exceptional divisor and L the pull back of the line. Let K(µ) be the kernel of the
composition
OX(6L− 2F )→OE(6L− 2F )→OE(6L− 2F ) |
∑
miyi
.
Since E = 3L−F = −KX and 4 ≤ δ ≤ 7, we obtain h
1(−KX) = 0. From this one deduces
that H0 of the first map is surjective. If the general element of P(H0(X,K(µ))) is nodal,
then
dimπ−12 (E,x¯, y¯) = h
0(K(µ))− 1 ≥ 27− 3δ− 2(g− 1) = 9− δ.
By specialization, it is enough to show that the general element of the linear system |K(µ)|
is nodal when the points coincide, that is, y1 = . . . = yg−1 = y. In this case, the fiber of π2
consists of δ-nodal sextics, with nodes at x¯ and intersecting the tangent line ℓy of E at y
with order 2g−2. This is a generalized Severi variety, and by [CH98, Prop. 2.1], the space of
δ-nodal sextics with such prescribed tangency with a given line in non-empty, in particular
|K(2g− 2)| contains nodal curves and so does |K(µ)|.

Now we can give a proof of unirationality in the established range.
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Proof of the unirationality column in Theorem 0.1. Let 3 ≤ g ≤ 6 and δ = 10− g. We need
to prove that νg dominates Hg(µ). Let (Γ,E, x¯, y¯) ∈ Pg, with Γ ·E =
∑
miyi+2(x1+ . . .+xδ)
and ν : C→ Γ the normalization. Then
OC
(∑
miyi
)
 ν∗OΓ(3)
(
−ν−1(x¯)
)
and by adjunction ∑
miyi ∼KC .
Thus, the image of νg lies in Hg(µ). Now we prove dominance. Let [C,y˜] be a general point
in Hg(µ). By assumption on g, we can choose A ∈G
2
6(C) general so that the associated map
φA : C→ P
2 realizes C as a δ-nodal curve and by adjunction
h0
(
C,ν∗OΓ(3)
(
−ν−1(x¯)−
n∑
1
miyi
))
= 1.
Thus, there exists a cubic E ∈ |OP2(3)| such that
Γ ·E =
∑
miyi+2(x1 + . . .+xδ).
By adding with multiplicity zero any g− 1−n points on E, we have that the image of
(φA(C),x1, . . . ,xδ, y¯) ∈ Pg
is exactly [C,y˜] ∈Hg(µ). 
4. Non-irreducible Strata
Let µ= (2, . . . ,2) be a partition of 2g−2. There is a natural map from Hg(µ) to the space
of spin curves, which splits into two connected components depending on the parity of the
theta characteristic,
π :Hg(µ) → S
+
g
∐
S −g
[C,x1, . . . ,xg−1] 7→ [C,OC (x1 + . . .+xg−1)] .
A general point [C,ν] ∈ S +g satisfies h
0(ν) = 0 and the condition h0(ν) ≥ 2 is divisorial.
The divisor x1 + . . .+ xg−1 ∈ Div(C) is effective and for a general point on the image of
H+ →S +g , we have that h
0(C,x1 + . . .+xg−1) = 2. See [Far10, Thm. 0.2]. Thus, H
+
/Sg−1
is a P1-bundle over an open subset of a divisor Z in S +g . In particular, for every genus,
through a general point of H
+
/Sg−1 passes a rational curve.
4.1. Hyperelliptic Strata. Let Hg,1 ⊂Mg,1 be the space of pairs [C,p], where C is an hyper-
elliptic curve and p ∈ C is a Weierstrass point on it. The locus Hg,1 can be defined as the
fiber product over Mg of the Weierstrass divisor
W := {[C,p] ∈Mg,1 | p is a Weierstrass point on C} ⊂Mg,1
and the hyperelliptic locus Hypg,1 ⊂Mg,1
Hg,1 =Hypg,1 ×Mg W .
Recall that the space Hypg ⊂Mg is birational to M0,2g+2
/
S2g+2. In particular there is a
dominant map
M0,2g+2 →Hg,1
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sending the tuple of points (p1, . . . ,p2g+2) on P
1 to the unique double cover ramified over
p1 + . . .+ p2g+2
f : C→ P1
together with the Weierstrass point f−1(p1). This gives us unirationality of Hg,1. On the
other hand, it is easy to see that p is a Weierstrass point on a hyperelliptic curve C if and
only if (2g− 2)p∼KC , i.e.,
Hg,1 =H
hyp
g (2g− 2).
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